DENUMERANTS OF DOUBLE DIFFERENTIANTS*®

BY

WILLIAM EDWARD STORY

1. Introduction.

1.+ In 1856 } CAYLEY gave (without rigorous proof) a formula for the num-
ber of linearly independent yx-differentiants (as I call them) of a given type
belonging to a single binary quantic,—a formula that he derived from the
assumption that the necessary and sufficient conditions, as they naturally
appear, are linearly independent; this formula was first proved in 1877§ by
SYLVESTER, who extended it to a system of any number of binary quantics.
The formula as originally given by CAYLEY expresses the number in question as
the excess of the number of terms in the general form of the type of the differ-
entiants over the number of terms in the general form of a certain other type,
precisely as in formula (87) of this paper (when x and y are the only variables);
but the number of terms in a general dinary form is readily expressible as the
sum of the numbers of partitions of a certain kind of certain numbers, and it
was the formula in terms of such partition-numbers that SYLVESTER proved and
extended. About 1885 it occurred to me, while giving a course of lectures on
invariants at the Johns Hopkins University, that CAYLEY’s original formula and
SYLVESTER’s proof of it,—indeed, the latter’s extension of it, when expressed
in the original terms,—are valid for yx-differentiants (simple differentiants, as
I call them below), even if 2 and y are only two out of any number of vari-
ables. In 1892 I discovered operators that produce all the differentiants of a
given type and certain combinations of characters, namely, all forms that are at
once yu-, zr-, Su-, - - -, vx-differentiants and all forms that are at once xy-, 2,
xs-, -+ -, wo-differentiants. Suspecting that the method by which these operators
were obtained could be utilized for the discovery and proof of a formula for the
number of linearly independent forms of any given type that possess any given
combination of differentiant characters, I have devoted much time during the
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last fourteen years to attempts te obtain such formule. I have succeeded in
the cases of double differentiants of all kinds, as the present paper will show ;
the extension of the formule to triple and higher differentiants is almost self-
evident, but the proof of the extended formule presents a difficulty that I have
not yet overcome.

When I began these attempts I was not aware of what DERUYTS had done in
a similar line ;* but his work differs from mine in essential respects, both as to
methods and results. He has, to be sure, given a formula for the denumerant
of the semi-invariants (chain-differentiants of order 0 — that is, not involving the
variables explicitly) which is formally identical with the formula (51) of this
paper for three variables, but my formula is proved for ayz-differentiants of any
type, even if this type implies any number of variables other than z, y and 2,
and the explicit presence of all these variables in the differentiant, while his
formula supposes that the variables do not enter explicitly and that «, y, and 2
are the only variables in the system. Moreover, I have obtained formule for
other combinations of differentiant characters not considered by DERUYTS. But
the most important differences in our work will be found in the methods used.
DEruYTS has employed the methods of «sources” and of ¢ symbolic representa-
tion,” while my main object has been to obtain formul® by direct consideration
of the «actual” forms, without recourse to those (from my point of view) indi-
rect methods. At all events, it must be for the advantage of mathematical
science that various methods should be exploited.

2. We assume a system of quantics (homogeneous polynomials), which we
shall call simply the quantics, finite in number and of finite orders m, m’, m”, - - -,
respectively, in a finite number » of variables x, y,z, --.. Any such quantic
of order m is assumed in the form

!

) Zg_!_h:n_.i!.—..aayh,i... a’ Yt e,

where the summation extends to all integral values (positive and 0) of g, 4, ¢, - - -,
whose sum is m. For convenience, we speak of a,, , . freed from the cor-
responding polynomial coefficient as a coefficient of the quantic. If it were
necessary to represent the coefficients of the different quantics, we should denote
those of the first quantic by a, those of the second by b, those of the third by ¢,
etc., each with its proper suffixes;{ the coefficients of the quantics will be used
as so many sets of additional variables (though not so called) having no deter-

mined numerical values. To each coefficient is assigned a weight in each var-

* Essai d’une théorie générale des formes algébriques, Mémoires de la société royale des
sciences de Liége, ser. 2, vol. 17 (1891).

T Of course the sum of the suffixes of any coefficient is equal to the order of the quantic to
which that coefficient belongs.
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iable, namely, the weight of any coefficient in either variable is the sum of all
its suffixes excepting that which denotes the power of the variable in question in
the term of the quantic to which the coefficient belongs ; thus, in (1) the weight
of a,; ;. . inzism—i. The weight of any variable in itself is 1 and its
weight in any other variable is 0. The weight of any product of variables and
coefficients in any variable is the sum of the weights of its factors in that var-
iable ; thus the weight of any power of a variable or coefficient is the weight of
that variable or coefficient multiplied by the exponent of the power.

The order of any product of powers of variables and coefficients is the sum
of the exponents of the powers of the variables and its degree in the coefficients
of either quantic is the sum of the exponents of the powers of such coefficients
in it. If the terms of a polynomial in the variables and coefficients of the
quantics are all of one order and of one degree in the coefficients of eack
quantic of the system (even if of different degrees in the coefficients of the dif-
ferent quantics), the polynomial is Aomogeneous of that order and those degrees.
If the terms of a polynomial are all of one weight in each variable (even if of
different weights in the different variables), the polynomial is isobaric of those
weights in the several variables. Any polynomial is a sum of homogeneous
isobaric polynomials. The order, degrees in the coefficients of the several
quantics, and weights in the several variables, of a homogeneous isobaric poly-
nomial, or jform, together constitute the ¢ype of that form. One consequence
(and advantage) of the definition of weight here given (which has not been
adopted by all writers) is that each of the quantics is isobaric in each of the vari-
ables of a weight equal to its order. The numbers that characterize the type of
any form are connected by a simple relation ; namely, if the quantics are of
orders m, m'y, m”, - -, respectively, in n variables, =, y, 2z, -- -, and any form
of degrees 7, j', j’y - -+, in the coefficients of these quantics, respectively, and of
order ¢ in the variables, is of weights w,, w,, w,, --- in these variables, respec-
tively, then
(2) wz+wy+wz+~-~=(n—1)2mj+z9,
where 3 mj =mj + m’j’ + m”j” + ...; so that the weight in either variable is
completely determined when the other characteristics of its type are given.

If a linear transformation is imposed upon the variables, that is, if the n vari-
ables x, y, 2, - - - are expressed as homogeneous linear functions of n new vari-
ables ', y', ', - - -, and these expressions are substituted for z, y, z, - - - in any
one of the quantics, this becomes a quantic of the same order in ', y', 2/, - -+,
whose coetficients are homogeneous linear functions of the original coefficients
of the quantic and homogeneous functions of the parameters of transformation
of a degree equal to the order of the quantic: the coefficients of the new quantic
in 2, 9y, 2, - - - are the transformed coefficients of the quantic in question. It
is assumed that the determinant of the parameters of transformation is not 0, so
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that the new variables 2, ', 2, --- can be expressed as homogeneous linear
functions of the old variables @, y, 2z, ---. Any polynomial in the variables
and the coefficients of the quantics is transformed by replacing the variables by
the expressions of the corresponding new variables in terms of the old ones and
the coefficients of the quantics by the expressions of the corresponding trans-
formed coefficients in terms of the original coefficients. A homogeneous poly-
nomial is thus transformed into a homogeneous polynomial of the same order
and the same degrees; but the weights are not generally preserved by an arbi-
trary linear transformation,—indeed an isobaric form does not remain isobaric
in general.

The linear transformation by which the variable z is increased by a multiple
of the variable y, that is, the transformation x =o' + Ay’ y=¢',2=12", -+ »
shall be called a yx-shear ; and similarly for other pairs of variables. A shear
involves a single parameter (A, in the example just given), which we shall gen-
erally suppose to have an arbitrary value. A polynomial in the variables and
the coefficients of the quantics that is not altered by an arbitrary yx-shear (that
is, by a yx-shear whose parameter is arbitrary) shall be called a yz-differentiant,
and similarly for other pairs of variables. A polynomial subject to only one
such condition is a simple differentiant ; if subject to more than one such con-
dition, it is a multiple differentiant, namely, double, triple, etc., according to the
number of independent conditions of this kind to which it is subject (we shall
see that certain combinations of simple differentiant conditions imply others).
The aggregate of differentiant conditions to which a polynomial is subject con-
stitute its character. The object of this paper is the determination of the
number of linearly independent double differentiants of a given type, more specif-
ically, the number of xy- and wxz-differentiants, of x2- and yz-differentiants, of
xy- and yz-differentiants (which are, as we shall see, also az-differentiants), and
of xy- and zs-differentiants. There are as many kinds of simple shears and,
therefore, of simple differentiants and simple characters as there are pairs of
variables, if we have regard to the sequence of variables in the pairs (so that axy
and yz are regarded as different pairs), that is n(n — 1) kinds.

A very important class of multiple differentiants is that defined by a set of
simple characters such that the second letter of each defining pair of variables
is the same as the first letter of the next pair, when the pairs are taken in the
proper sequence; such differentiants may be called chain-differentiants (SYLVES-
TER called them ¢ seminvariants”). Any chain-differentiant character is com-
pletely determined by the letters in it and their sequence in the chain, so that
it may be unambiguously designated by this sequence ; thus an xy-, yz-, 2s-, - -+,
tu-differentiant may be called simply an xyzs - - . tu-differentiant. Any simple
differentiant character may be regarded as a chain-differentiant character of two
letters. Of course, the number of letters in any given differentiant character
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has no particular relation to the whole number of variables in the quantics and
differentiants in question.

The name * differentiant ” is derived from the fact that a yx-differentiant not
explicitly involving the variables is a function of the differences of the roots of
the equations in x:y formed by equating the quantics to 0, if 2 and y are the
only variables (n = 2).

3. The result of imposing the yx-shear x =2’ + Ay, y=9',2=2",..-on
any polynomial ¢ is

®) P+ My b+ gyt bty bt
the operator ya being defined by *

~ 04 o
4) yw'd)Esz'aﬁ-l,h—l,i,...'éz;'h’{'”.—y'_a;’

where the double summation extends to the coefficients @, , ..., b, 5. .. .,
Cyhi,...» -+ of all the quantics and to all values of the suffixes of the coefficients
of each quantic whose sum is the order of that quantic. From (8) it is evident
that the necessary and sufficient condition that ¢ shall be a ywx-differentiant is

the identity
®) yo$=0;
that is, the condition is that the multipliers of the different products of powers
of the variables and of the coefficients of the quanties that occur in 7z - ¢ (these
multipliers are homogeneous linear functions of the multipliers of such products
in ¢) shall all be 0, a condition that gives as many homogeneous linear equa-
tions between the multipliers of the terms of ¢ as there are terms of ya- ¢, but
it does not yet appear that these equations are linearly independent. From (4)
it appears that g};: leaves unchanged the order and degrees of any form, as well
as its weights in all the variables excepting x and y, diminishes the weight in «
by 1, and increases the weight in y by 1, so that () must be satisfied by each
of the homogeneous isobaric parts of ¢ of different types if it is satisfied by ¢
as a whole; that is, every yx-differentiant is a sum of homogeneous isobaric
yx-differentiants, — and the same is true of differentiants of any simple or mul-
tiple character. It appears from (5) that a yx-differentiant is a polynomial that
is annihilated by the skear-operator ﬁ

Being concerned with linearly independent differentiants alone, we shall hence-
forth assume that every polynomial with which we have to do is homogeneous
and isobaric, that is,is a form. Moreover, the forms to be considered at any
one time will all be obtained by applying operators analogous to 375; to forms of
one and the same given type; the orders and degrees of all forms thus obtained

* The sign = is used throughout this paper to denote identity.
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are the same, as are also the weights in the several variables excepting those
variables that occur in the shear-operators used in obtaining the forms, and the
sum of the weights in these excepted variables is the same for all the forms. In
giving the type of a form it will, then, suffice to give its weights in those vari-
ables in which the forms to be considered are not all of the same weight; thus,
if the forms considered are all of a given order, of given degrees, and of given
weights in all the variables excepting «, y, and z,—so that the weights in these
three variables are the only characteristics of the type that vary from form to
form, —the type of any particular form may be represented by (w,, w,, w,),
where w,_, w, , w, are its weights in «, y, 2, respectively ; and similarly for any
number of variables. It is to be observed that the expression of the type of a
form by its weights in certain variables does not imply anything with regard to
the whole number of variables, but only that the weights in all the variables that
do not enter into this expression of the type are the same for all the forms con-
sidered. To avoid confusion, we suppose the variables to be arranged in a cer-
tain sequence , ¥, 2, --- and we write the weights in any expression of a type
in the corresponding sequence.

4. By a complete system of forms of given type or typ.. and given differen-
tiant characters, subject to other conditions or not, we n.2: > system of such
linearly independent forms satisfying the given conditions that any form of the
given type or types satisfying the conditions can be expresed as a linear func-
tion of the forms of the system. The forms of any complete system of one type
can, evidently, be replaced by the same number of linearly independent linear
functions of them, chosen arbitrarily, without affecting the comy! teness of the
system or the character of its forms (because the shear-operators are istributive
over their operands). By the rank of any form relatively to any given shear-
operator we mean the exponent of the highest power of that operator that does
not annihilate the form; thus, ¢ is of rank » qui* my if w/;;’ -$ % 0 but
@’“ ¢ =0. A complete system of forms of a given type and given charac-
ters shall be called reduced qua 9;:?/ if its forms are so taken as to include the
greatest possible number of forms of rank not greater than » qua :;;\y for eack
value of » from 0 to the highest rank of any form t of the system, inclusive. A
complete system of forms of a given type and given characters reduced qua o~
can be constructed thus: out of the (V') forms Y of any complete system of
the given type and characters construct the greatest possible number (V) of
linearly independent linear functions ¢, of rank 0 qua zy and select as many
(Ny= N — N,) other forms -, of the system that are linearly independent of

* Qud signifies relatively to, with respect to, according to.
T We employ this abbreviated expression instead of the more cumbrous ‘‘rank of the forms
that are of highest rank.”’
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each other and the ¢s as may be necessary to constitute a complete system
with the ¢’s; out of these (V) other forms y, construct the greatest possible
number (%) of linearly independent linear functions ¢, of rank 1 qua a’c?y and
select as many (N, = N — NV,) other forms v, from among the y’s that are
linearly independent of each other and the ¢,’s as may be necessary to constitute
a complete system with the ¢’s and ¢,’s; out of the (V| ) forms v, construct
the greatest possible number (V,) of linearly independent linear functions ¢, of
rank 2 qua xy and select as many (N, = N — N,) other forms y, from among
the ¥ ’s that are linearly independent of each other and the ¢,’s as may be nec-
essary to constitute a complete system with the ¢’s, ¢’s and ¢,’s; and so pro-
ceed until the forms v, , last selected are all expressible as linear functions of
the forms ¢, last constructed. The forms ¢,, ¢,, ¢,, - -, ¢, thus constructed
constituted a complete system of forms of the given type and given characters
reduced qua @ Of course, the forms -, _, are forms ¢,.

The peculiarity of a system reduced qui :;:?/ is that any linear function of the
forms of such a system is of exactly the rank qué :;\y of the forms of highest
rank in it. For no linear function of forms of a system reduced qui y that
are all of the rank » can be annihilated by :@’ (otherwise, the system would not
contain the greatest possible number of forms of rank less than r, that is, would
not be reduced), but every linear function whose terms are all of the rank » is
annihilated by 2y™+'; so that the result of applying xy" to a linear function of
forms of the reduced system of which some are of rank » and others of rank less
than » is the same as the result of applying @' to the aggregate of those terms
of the linear function whose rank is » alone, and this result is not identically 0.

If ¢ is a form of rank » qui :’v.g\/, then zy” - ¢ £ 0 but zy - ¢ =0, that is,
@’ - ¢ is an xy-differentiant (of rank 0 qua c’z:?/) . The form derived from any
form ¢ by operating upon it with the power of xy whose exponent is the rank
qué '.;:?/ of the form ¢ in question shall be called the derivative qua :;g:/ of that
form ¢ ; the derivative qui a?g} of any form is, then, an xy-differentiant, and the
derivatives qui zy of the forms of a system of one type reduced qua a’c\y are
linearly independent xy-differentiants (namely, the derivatives of forms of the
same type that are of different ranks are themselves of different types, so that a
linear relation between the forms of a reduced system implies a linear relation
between the derivatives of forms that are of one rank, and this again implies a
linear function of these forms that is of lower rank than they, which is impos-
sible, as above shown).

5. In the present investigation we are concerned chiefly with what we may
call denumerants, that is, expressions for the numbers of linearly independent
forms of given types that satisfy certain conditions. A denumerant shall be



40 W. E. STORY: DENUMERANTS [January

represented by &V followed by the type with the conditions attached to the ¥V as
suffixes and exponents. Conditions shall be expressed thus :

that the forms in question have certain differentiant characters shall be indi-
cated by the pairs and sequences of variables that define these characters, attached
to &V as suffixes (thus, the suffix oy shall indicate that the forms are xy-differ-
entiants) ;

that the forms are of given ranks relatively to certain shear-operators in a
system reduced relatively to each of these operators shall be indicated by the
highest powers of the respective operators that do not annihilate the forms,
attached to /V as exponents (thus, the exponent Eg\y' indicates that the forms are
of rank » qui zy in a system reduced qui ?y) ;

other conditions will generally be attached to IV as suffixes;

several suffixes or exponents attached to the same V shall be separated by
commas ; and

the absence of suffix or exponent shall indicate that no condition such as
would generally be written in that place is imposed.

Thus,
N(w,, w,, ---) is the number of linearly independent forms of the type
(w,sw,s - -), which is also the number of terms in the general form of this type;
N, (w,, w,, - ) is the number of linearly independent zy-differentiants of the

type (w,, w,, -+);

N,y (w5 w,, w,, - -) is the number of linearly independent xy- and xz-differ-

R entiants of the type (w,, w,, w,, ---);
N (w,, w,,---) is the number of forms of a complete system of type

(w,,w,, - - ) reduced qui 2y that are of rank r qua zy;

N f;,',,( Wy, Wy, W,, ---) is the number of xy- and xz-differentiants of rank r
qui g//,\z in a complete system of type (w,, w,, w,, ---) reduced qua yz;

N,,.(w,w,w, ) is the number.of linearly independent zyz-differentiants
of the type (w,, w,, w,, ---); :

Ny(w,, w,, ---) is the number of linearly independent forms of the type
(w,, w,, - --) that satisfy the conditions & (whatever they may be);

Ny oy(w,, w,, ---) is the number of linearly independent xy-differentiants of
the type (w,, w,, ---) that satify the further conditions X'; ete. Evi-
dently, the exponent a/c?/" is equivalent to the suffix 2y, so that

-Ng?/?zz(wan Wy s wz) = N;:yz(wx, Wy, 'w,).

The conditions to which the forms under consideration are subject are gener-
ally that the forms shall have certain differentiant characters and that certain
numerical characteristics (rank, etc.) of the forms shall have given values or
values lying between given limits ; it will be convenient to speak of the former
as differentiant conditions and of the latter as numerical conditions ; there can
even be no objection to speaking of the differentiant characters assumed and the
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values or limitations of value of the numerical characteristics as themselves con-
ditions, because they determine the conditions.
If ¢ is a form of type (w,,w,, - -+), 2y - ¢ is a form of type (w_+1 yw,—1,..),

— provided it is not identically 0 ; accordingly, using the symbol a2y to repre-
sent the operator that changes the fype of any form ¢ into the type of '.?y P,
we have (as definition of the symbol zy).

:v_y'(wz, w,, ) =(w,+1,w,—1,...),
so that

wyt (w,s w5 ) = (w, + ks w, — &, ).

The types obtained from any given type by applying powers of xy whose expon-
ents are positive integers or 0 shall be called types subordinate to the given
type qua xy; thus, the types (w,+ %, w,—k, ---) for all positive integral
values of k and 0 are types subordinate to (w,, w,, ---). Of course the same
notation and nomenclature applies to the type-operators xy, ete., that correspond
to all shear-operators 53\/, ete.

Any denumerant may be regarded as a jfunction of the type, and we shall
apply the type-operators xy, etc., to any denumerant as to a function of the
type, observing that they affect only the type, but neither the suffixes nor the
exponents of IV; thus,

_w?—/k‘lv;z(wz’ wy’ ws)__— ']V:n(wz+ k’ ’u,y—k’ wz)’
(1 —w_y)(I —E)-N(wz, w, w,) = N(w, w, w,)— N(w, + 1, w, — 1, w,)
— N(w, + l,wy,'w‘—l) + N(w, + 2, w”—l,w‘—l),etc.

It is to be observed that the operators wxy, etc., like the operators :237, etc., are
distributive over their operands, but, unlike the latter, the former operators are
commutative, so that, in their effects on any function of a type,

ay-yr=1, XY - yz = Yz - wYy = w2, ete.

As 2y ¢ = 0 if % is greater than the weight of ¢ in y, we must take
xy* N(w,, w,, ---) =0 if w <k, whatever suffixes and exponents N may
have ; that is, the result of applying any product of powers of type-operators to
a denumerant must be taken to be 0 if it makes the weight in any variable
negative.* But it may be that some less value of & than w, + 1 will make
wy*- N(w,, w,, ---) =0, because, with the notation of § 2, the weight in y of
any form can be 0 only if the weights in each of the other variables is as least
as great as 3 mj for the form. The result of applying a product of powers of
type-operators to a denumerant may be 0 also because there are no forms of the

* Any form of weight O in either variable has, evidently, every differentiant character that is
defined by a pair in which the variable in question occupies the second place.
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resultant type that satisfy the conditions imposed by the suffixes and exponents
of IV in the case in question; thus,

?/zk 'N:ry,xs(wx’ Wy W, )_' zy,zz(wz’w +k w, _k)—

if w, —w, <k, because there are no wy-differentiants whose weight in y is
greater than that in 2, as we shall see in § 8.

6. We shall make use of the notations

(6) =a(a—1)(a—2)-.-(a—i+1), W =1q!
for any value of a and any positive integer i ; from this follows
ali+1)
i) — — ('-1)_.__
) d)=a{a—1) =

by means of which the symbol «® can be extended to negative integral values
of i and 0; thus, still for a positive integer 7,

N 1 1 o
(8) al )_(a+1)(a+2)(a+3),,,(a+i)—(a-{-i)(.')’ =1,

We shall write also, for any integer i (positive, negative or 0),

£-(2)

which is the coefficient of «in the development of (1 4 x)* according to posi-
tive or negative powers of x, according as ¢ is positive or negative. In partic-
ular, if a is a positive integer or 0,

(10) (:>_0unlesso_z_a,
but if a is a negative integer,

11) (:)=0fora<i§—1;
while

a12) il=o0 if i=—1.

It is evident from (7) and (8) that

(18) (—a)0=(=1)(a+i=1)% @O=(=1) "y

If a and i are both integers,
(14) a® =0 if 0 =a <i, and only then.
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‘We shall have occasion to use the formula of summation

p m y
R e e

m+n

’

where m, n, p, ¢ are given integers, of which n is not negative; from which
follows

(16) Spr0if 1=m=qgand m+n—1=p.

7. The results of applying the shear-operators defined by (4) for different
pairs of letters successively are connected by these simple relations, where ¢ is
any form of type (w,, w,, w,, w,, - --):

wy -y =yuoay- b+ (w,—w,) b, wy-rz-p=a2 -2y b,
A7 {ay-m-p=2 oy ¢ +2-¢, vy b=12y 2y b,
oy g2 b=y a0y b — 22, oy-28 =128 "y P,

where x, y, 2, 8 are any four different variables. The last three identities of
(17) show that any two shear-symbols and their powers are commutative unless
they have a common letter that occupies different places in them. Repetitions
of the first three formulz of (17) give

~. o~ a8 o) D) o~ o~

xy*-yxP - = Z -7 (wx —w,+ a— B)(').ywﬂ iyt

=0

—~ —~ a, B a(') i) —
(18) wy“-zm’ ¢ = Z @YB( 2= tzy mya.— ¢’
=0 *
oy gt ¢ = Z(—— iyt - ¢,
=0

where each sum extends to all integral values of ¢ from O to the smaller of the
two numbers a and 8.

8. Any form ¢ of type (w,,w,) is anmhllated by a certain lowest power of
2y and by a certam lowest ;_power of yaw; let @ and B be the exponents of the
highest powers of :cy and yw respectively, that do not annihilate ¢ (the ranks
of ¢ qua 2y and yw respectively), so that

@«.4,*0, ;‘ya+1.¢50, 3}?1:"-¢5|50, &;:,34-1,‘#50;
then, by the first formula of (18) as applied to @y B+ y8+l. ¢ and
ywa+ﬂ+l ‘va“'“ .¢,
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0=(a+B+1)E. (0, —w, + a)b+D 2yt b
0= (a+B+1) (0, —w, + B)e.yzf . ¢;

and

therefore,
(wx—wy-l- a)(B-H)___ 0 and ('w,,—w,+ ,8)(“+1)=0,

that is, by (14),

wr—wy-f-aéﬁ and 'wy—fwz+,8§a,
so that
19) B=w,—w, +a or a=w,—w, + 8.
If ¢ is an xy-differentiant, « = 0 and, therefore, 8 = w, — w,, so that
(20) w, Sw,
and

A. Bvery xy-differentiant is of at least as great a weight inx as in y.

If ¢ is an wy-differentiant and w, = w,, then 8= 0, so that

B. Every wy-differentiant whose weights in x and y are equal is also a yx-
differentiant.

From the third identity of (17) follows that zz-¢ = 0 if both 7y -¢ = 0 and
y2-¢ = 0; that is,

C. Every wy- and yz-differentiant is also an xz-differentiant (xyzdifferenti-
ant). From this theorem it appears that every chain-differentiant has every
simple differentiant character that is defined by two letters of the corresponding
chain, taken in the sequence in which they occur.

It is evident that

D. If two given shear-operators are commutative, the result of applying any
power of the first to a form that is annihilated by the second is also a form
annihilated by that second operator;
that is, the repeated application of one of two commutative shear-operators does
not affect the simple differentiant character defined by the other. Similarly,
from the second and third formulae of (18), together with theorem D), it appears
that,

E. If ¢ is an ay- and az-differentiant, so is also y2*-¢: and, if ¢ is an
x2- and yz-differentiant, so is also 923\/" ¢
provided, in each case, the result is not identically 0.

A polynomial that has all the simple differentiant characters that are defined
by pairs of variables taken from a certain set (including both orders of each
pair) may be called a complete differentiant relatively to that set of variables.
In the paper in vol. 41 of the Annalen to which I have referred, I have
proved that every isobaric complete differentiant in «ll the variables is a covari-
ant (or invariant); but the proof shows also that an isobaric complete differen-
tiant in any set of variables is simply multiplied by a power of the determinant
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of transformation when the variables of that set alone are subjected to any
linear transformation.

From (19) follows also that

F. If ¢ is a form of weights w, and w, in x and y, respectively, and of
rank r qué oy, then w, — w, = r (of consequence only if w, <w,).

Theorems B and C show that an isobaric chain-differentiant is a complete
differentiant in the variables defining the chain provided it is of one and the
same weight in those variables (which, by theorem A, requires only that it shall
be of the same weight in the first and last variables of the chain).

9. In the papers cited in § 1* I have shown that the operators

{v;uy---y2,y,2}

21 ~~ ~~ ~~ ~~ ~~ ~~ ~~ ~~
1) _ 1 o (w,—w, + )l vae oy w2 - outuwt - 207 y0f et
=2(-1) 2V BTyl - el (¥ w,—w, 5 )
and - '
22 {w’yaz,"'7u;v}
(22) 0, — 0, & V)] R e
v - K Y

=2 (=1)" al Bl ol .o el (o +w,—w,_+7)!

where » is the number of variables «, y, 2, -.-, u (without v), the summa-
tions extend to all integral but not negative values of a, B, v, ---, €, and
cg=a+ B+ v+ -+ ¢ for each term, have, when applied to a form ¢ of
weights w_, W,y W,y + oy W, W, 10 T, Y, 2, -+, u, v, respectively (whatever the
number of other variables and the weights of ¢ in them may be), these properties:

If ¢ is an wy-, w2, ---, xu-differentiant, {v; u, ---, 2, y, x}-¢ is an
®Y-, T2=y - - -, XU-, XV-differentiant of the same type as ¢ (if it is not identi-
cally 0), is the most general differentiant of that type and these characters if ¢
is the most general differentiant of its type and the characters stated, and is
¢ itself if that form is an xy-, xz-, - - -, Tu-, v-differentiant.

If ¢ isa yx-, 2x-, ---, ux-differentiant, {x,y,z, ---,u; v} ¢ is a yx-,
2~y - -+ uR-y vE-differentiant of the same type as ¢ (if it is not identically 0),
is the most general differentiant of that type and these characters if ¢ is the
most general differentiant of its type and the characters stated, and is ¢ itself
if that is a ya-, zx-, - - -, ua-, va-differentiant.

The summation in (21) is naturally limited to values of a, B, v, ---, € such
that ¢ = w,, and that in (22) to values of a = w_, B=w,vy=w,, ---,eZSw,.

In particular, if ¢ is any form of type (w,, w,),t

*E. g., Mathematische Annalen, vol. 41 (1893), pp. 485-489.

t1f ¢ isa form 1nvolving only the coefficients of the quantics (that is, a form of order 0) for

which w; = wy, this formula is equivalent to that for [¢] given by HILBERT, Mathematische
Annalen, vol. 36 (1890), p. 523.
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Wy -_— 1 ! ~ o~
(23) {y;w}'¢5;}(_l)a'ag((,;zz_;vyjai1)!'3/”'“’3/“"#

is an wy-differentiant of the same type as ¢ (if it is not identically 0), is the
most general xy-differentiant of that type if ¢ is the most general form of the
type, and is ¢ itself if that is an xy-differentiant.

In applying (21), (22) and (23) to any particular form ¢, it is to be observed
that the values of w_, w ,w,, -+, w,, w, to be used are the weights of that
Jorm.

If ¢ is any form of type (w,, w,, w,, -+, w,, w,),

(24) [¢) ={vsus--s2, 9,2} -{u; -,z 9,2} {25 y, 2} - {y; } ¢

is an xy-, az-, - - -, 2w, wv-differentiant of that type, and

25) [¢)i={=ys2,--yusv}-{oyy,2, -5 ul--{x,y;5 2} {25 y} ¢

is a yx-, 22~ - - -, ux, va-differentiant of that type.

II. Determination of denumerants in general.

Let 2y be any one of the differentiant characters included in the conditions
for the denumerant, let the aggregate of all the other conditions be represented
by K, and let (@, b) be any given type (to specify the weights in « and y alone).
If the shear-operator :;c?y , or differentiant character xy, is so related (or unrelated)
to the conditions A that the form @":ﬁ satisfies the conditions & for every
form ¢ that satisfies them and every value of % for which /a;yk -¢ is not identi-
cally 0, we shall say that the operator @, or the differentiant character wxy,
does not interfere with the conditions X .

10. If the differentiant character xy does not interfere with the conditions
K, the forms zy"-¢ derived from the forms ¢ of a complete system of type
(a, b) satisfying the conditions K and reduced qui a/:g; by operating on each
such form ¢ with the power of @ whose exponent is the rank of that form ¢
qui E:;/ are linearly independent xy-differentiants of the types (o + r, b —r)
subordinate to the type (a, b) qui zy, by §4. Therefore, the number of lin-
early independent xy-differentiants of any type (@ + r, b — ) subordinate to
(a, d) qua f;:}/ is at least as great as the number of forms of rank 7 in a com-
plete system of type (@, b) satisfying the conditions K reduced qua xy; that is,
for0 =r =7,

(26) Ny (ayb)= Ny, (a+r,b—r),

from which follows

r’ r/
(27) NK(a,b)=ZN?’(a,b)§z%NK,zy(a+r,b—r),
r=0 r=
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where 7’ is the greatest value of r for any possible type (a + », b — r) subor-
dinate to (a, b) qua ;:\y

11. If, for each value of » from 0 to »’, the greatest value of » for any pos-
sible type subordinate to (@, b) qua w?, there exists a determinate* distributive
operator ®_such that the forms w v obtained from a complete system of zy-
differentiants y, of all types (a + r, b — r) subordinate to (a, b) qua :;:\y that
satisfy the conditions K are linearly independentt forms of type (a, b) that
satisfy the conditions /A, then the number of linearly independent forms of type
(@, b) that satisfy the conditions XA is at least as great as the number of linearly
indeggndent zy-differentiants of all types (a + r, b — ) subordinate to (a, b)
qui xy that satisfy the conditions A : that is,

(28) i’:NK.w(“-‘-r,b—r)ﬁrE,N%'(a,b)=NK(a,b).
r=0 r=0

12. If the conditions of doth §10 and § 11 are satisfied, we have, by (27)
and (28),

(29) Zt)NK,y(a+r,b—r)=ZN§y'(a,b)=NK(a,b),
r= r=0

and, because (29) cannot be satisfied unless the sign of equality is to be taken
in (26) for every value of » from 0 to »’, inclusive,

(30) Nmzy(a+7',b—"‘)=Niy'(a,b) for 0 =r =o',

In this case, for any particular value of r, the forms a7 - ¢ of § 10, being, as
we have there seen, linearly independent xy-differentiants of type (a 4- 7, b — =)
that satisfy the conditions &, and being, by (30), just equal in number to the
number of such linearly independent wy-differentiants, in themselves consti-
tute a complete system of linearly independent axy-differentiants of type
(@ + r, b — r) that satisfy the conditions K : for any particular value of », the
forms + of §11 are, then, linearly independent linear functions of the forms
;y’-¢ of §10, and vice versi, and the former forms may be replaced by the
latter, whenever it may be convenient ; that is, when we are considering simply
a complete system of linearly independent wy-differentiants of a type (a+r, b—r)
subordinate to (@, b) qua ay satisfying the conditions &, we may take these
xy-differentiants to be the forms a?g;' -¢ derived from the forms ¢ of rank r in a
complete system of type (a, b), to which (a + », b — r) is subordinate qua w’;t;,

* By a determinate operator @, I mean one that depends on the type (a, b), the conditions K,
the differentiant character zy, and the value of r, alone, and not at all on the particular form
¥, to which it is to be applied.

t And, therefore, non-vanishing forms: for a vanishing form may be regarded as a linear func-
tion of any forms, having all its coefficients 0.
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satisfying the conditions & and reduced qua zy. Again, in this same case, the
forms w v, of §11 for all values of r, being, as we have there seen, linearly
independent forms of type (@, b) that satisfy the conditions &, and being, by
(29), just equal in number to the number of such linearly independent forms, in
themselves constitute a complete system of linearly independent forms of type
(@, b) that satisfy the conditions A ; the forms ¢ of § 10 are, then, linearly
independent linear functions of the forms w 4 of § 11 for all values of », and
vice versi: whenever we are considering simply a complete system of linearly
independent forms of type (a, b) that satisfy the conditions &, we may, then,
take them to be the forms o v obtained from complete systems of linearly inde-
pendent xy-differentiants 4, of all types (a + r, b — r) subordinate to (a, b)
qui a/c\y that satisfy the conditions A : but it is to be observed that we have not
shown that the forms 4 , although they may be replaced by the same number
of arbitrary linearly independent linear functions of them for each value of r,
can be so taken that the forms w v for @il values of » shall constitute a system
reduced qua :;:z/,——however, it would be so if the forms w_yr were of rank r for
each value of r, as a little consideration will show.

13. If the differentiant character wy does not interfere with the conditions
K, so that (26) and (27) hold, and if, for each value of r from 0 to r’ [the
greatest value of » for which (@ + r, & — r) is a possible type subordinate to
the given type (a, b) qui @] , there exists a determinate distributive operator
@, such that the form @ v, is a form of type (a, b) that satisfies the conditions
K for every wy-differentiant -, of type (@ + r,b — r) that satisfies the same
conditions, and also such that

(31) @r.wr‘l'r = Sr“‘lrr’
where S, is a non-vanishing constant, then the forms w_ vy obtained from com-
plete systems of xy-differentiants of all types (a + r, b — r) subordinate to

(a, b) qua w?/ that satisfy the conditions K are linearly independent. For,
by (31), ~ ~

oy =8 ot P =0 if r<k,
so that any linear relation between forms w v for which the greatest value of »
is & would be turned by the operator a?y" into a linear relation between the
forms 4, with non-vanishing coefficients, whereas no such relation exists;
therefore, such operators w_satisfy the conditions of § 11, so that their existence
proves (28) and, because (26) and (27) hold, also (29) and (30); then, by §12,
the linearly independent wy-differentiants of any type (@ + 7, & — r) subordi-
nate to the given type (@, b) qua ;y that satisfy the conditions A may be taken
to be the forms @' - ¢ derived from the forms ¢ of rank r in a complete system
of type (a, b) satisfying the conditions K and reduced qua :?y
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In this case, for any given value of % from 0 to »’, inclusive, the forms .?g/" P
of type (« + k, b — k) obtained from the forms ¢ of rank as great as k are
linearly independent, for any linear relation between such of them as are
obtained from forms ¢ of rank 4 and less qua w’g\/ (k= h =r") would be turned
by the operator ::3;?/""‘ into a linear relation between the linearly independent
forms :;;\y" ¢ derived from forms ¢ of rank A qua w,g} Again, the types
(a + r, b — r) subordinate to (a, ) qua xy for all values of r as great as k
are also the types subordinate to (a + k, b — k) qua xy, and the xy-differen-
tiants :;c?/“ ¢= a/c;/'“" :@" -¢ derived from the forms ¢ that are of rank » qua 92?/
are the xy-differentiants derived from the forms :;c\y" -¢ that are of rank r — &
qua 7y, so that the latter forms constitute a system reduced qui a?q Finally,
the operators fz;?/‘ -, for all values of r as great as k turn the linearly indepen-
dent xy-differentiants zy” - ¢ into linearly independent forms of type (a+k, b—k)
and rank » — % qua 92.3} that satisfy the conditions A and for which, by (31),

2yt ayt o ay b=y o @y b= 8,z b,
which is what (81) becomes when the system of forms ¢ is replaced by the
system of forms ay*-¢, so that formulae (29) and (30) hold also if the type
(@, b) is replaced by the type (@ + %, b — k) and, of course, the limit 7 of r
by the limit #'— % of » — k. The resultant formul® are, evidently, equivalent to

(82) > Nyy(a+r,b—r)=DNg(a+k,b—Fk)
r=»k

and

(838) Ny n(at+r,b—r)=Ng*(a+k,b—Fk) for k=r=r.

On subtracting (32) from (29), member from member, we get, for 1 =k =+,
k=1 _

(84) T Ny (a-+, b—r) = Ne(a, b)— Ni(a+k, b—k) = (1—%) Ni(a, b),
r=0

and, in particular, for £ =1,

(85) Ng ,(a,b)=DNg(a,b)— Ng(a+1,0—-1)=(1 —m_;y)-NK(a, b),

by which (if the conditions for its validity are satisfied) the number of linearly
independent forms of given type that satisfy the conditions A and have the
additional differentiant character xy is determined when the numbers of line-
arly independent forms of certain types that satisfy the conditions A are known.
In other words (85) is a formula for the addition, in a denumerant, of a differ-
entiant character to other conditions with which it does not interfere.

14. Whatever differentiant and numerical conditions may be given, it seems
easy to select one of the differentiant characters that shall not interfere with the

Trans. Am. Math. Soc. 4
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aggregate of the other conditions and, for each of the possible values of r, to
find an operator w_ that shall have all the properties stated in § 13, excepting
the last, that is, that the constant S shall be different from 0 for each value
of . At least, that is the only difficulty that has presented itself to me in my
attempts to determine the denumerants for triple and higher differentiants.

Evidently, the reasoning of §§ 11-13 requires that there shall be forms of
type (@, b) that satisfy the conditions K if there are forms of any type sub-
ordinate to (a,b) qud 2y thut satify them and we shall find that, at least in
the cases we consider, the operators _that naturally suggest themselves do not
satisfy (81) with a non-vanishing constant S, for all the values of » in question
unless b = a, which, by theorem A4 of § 8, is a necessary, though not sufficient,
condition that there shall be wy-differentiants of the type (a, b). In other
words, we shall find it impossible to use (35) unless the type (@, b) is such that
the condition of theorem A of § 8 is satisfied by the weights in all the pairs of
variables that define the differentiant characters for the denumerant to be deter-
mined. But this is really no limitation to the use of (385), because the left mem-
ber of this formula implies these relations between the weights, or else its value
is 0.

15. The numerical conditions included in A may be of very different kinds,
of which it would be impossible to state all that it might be useful to take into
account, but we ought to mention one class that we shall have occasion to con-
sider. Numerical conditions satisfied by the derivatives of a system of forms
relatively to a given shear-operator may be regarded as conditions satisfied by
the forms of the system. In particular, that the rank qua yz of the derivative
qué @ of any form ¢ of a complete system of type (a, b) satisfying certain
other conditions shall lie within given limits is admissible as a numerical con-
dition to restrict the system further, and will be satisfied by the derivatives of
the restricted system; the wxy-differentiants y of types (¢ + 7, b — r) must
then be taken to satisfy the same condition, namely, that their ranks qua :;/;
shall lie within the given limits. It may be that the conditions A can be
separated into two sets, of which the second set contains only conditions that are
satisfied by all forms ¢ of type (@, b) that satisfy the conditions of the first set
set and by their derivatives qui .;:?y : the conditions of the second set need be
specified only for the xy-differentiants ¥ of types (a +7,b —7).

For example, if the differentiant character xy does not interfere with the con-
ditions K (representing only the conditions of the first set); if the rank qua _1’/-;
of the form :;;\y" -¢ lies within limits /, to 7, dependent only on the given type
(@, b) and the value of %, inclusive of both limits, for every form of type (@, d)
that satisfies the conditions A and for every value of % for which @" -¢ is not
identically O (the one condition of the second set); and if, for each value of »
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from O to »’ [the greatest value of » for which (a + », b — r) is a type sub-
ordinate to (a, &) qua w’g;] , inclusive, there exists a determinate distributive
operator w_ such that the forms , v, obtained from the xy-differentiants ¥
whose ranks qui yz lie within the limits I_to 1., mcluswe, in complete systems
of all types (a + r, b — ») subordinate to (@, b) qua a:y satisfying the condi-
tions K and reduced qua yz are forms of type (@, b) that satisfy the conditions
K and the identity (31), where S, is a non-vanishing constant ; then, by (29),

(36) ﬁ:z NE, (a+7r,b—r)= Ng(a,b).

r=0 p=I;

II1. Simple differentiants.

16. In this section we consider only forms of a given order in the variables,
of given degrees in the coefficients of the several quantics, and of given weights
in the several variables excepting two, say x and y. For any such form of type
(w,, w,) we have, by (2), w, + w, = o, where o is a constant, that is, is the
same number for all the forms considered. It will be convenient to represent
w, temporarily by a simpler symbol a (or a"): then, w, =0 — a (or ¢ — a’).

For xy-differentiants of a given type (@, 6 — a) there are no conditions except-
ing the differentiant character xy and the types subordinate to (¢, o — @) qua ’a-:;\y
are the types (a + 7, 0 — @ — r) for which 0 = » = ¢ — a (it may even be that
r has a smaller upper limit than ¢ — a). If ¥ ,__ is any xy-differentiant of one
of these subordinate types, say (a’, 0 —a’) forr=a' — a, where a = o' = o
and lo = o', by (20), then ga¥—*-y,_,
by (18), because @ A, =0,

R = (4 = )L (20— o)
which is not identically 0 if ¢ — @’ =a = a’ = o: therefore, by (85), if

< ey
%0’=a=0',

is a form of type (@, o — a) for which,

N, (a,o—a)=(1—ay) N(a,o—a)
or, if we replace ¢ by w_ and o — a by w,,
87 ]\Cy(wx,wy)—_-(l—m_ny(wz,wy) for w, = w,.

This is CAYLEY’s fornrula as extended to a system of any number of quantics in
any number of variables.

Formula (37) shows that the number of linearly independent linear equations
between the coefficients of the general form ¢ of type (w,, w,) implied by the
identity 2y-¢ = 0 is just the number of terms in the general form of type
xy-(w,, w,), that is, that the linear equations implied by this identity are lin-
early independent, as Cayley assumed. This proves also that, if ¢ is the general
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form of type (w,, w,), then @ - ¢ is the general form of type (w, + 1, w,— 1)
and, therefore, 2y*- ¢ is the most gemeral form of type (w, + k, w, — k) for
every value of & for which this type exists.

Incidentally, formula (37) shows that, of the general forms of two types that
differ only in the weights in two variables, that has the more terms in which the
weights in the two variables in question are the more nearly equal (unless they
have the same number of terms, in which case the general forms of all interme-
diate types,—types subordinate to one and to which the other is subordinate, —
have that same number of terms).

Again, formula (87) gives the number of linearly independent covariants or
invariants of any system of dinary quantics if x and y are the only variables
and w, = w,, by theorems 4 and B of § 8, because every xy-differentiant for
which these conditions are satisfied is a complete differentiant in z and y and,
therefore, a covariant or invariant.

IV. Double differentiants.

In §§ 17-22 we shall consider ounly forms of a given order in the variables,
of given degrees in the coefficients of the several quantics, and of given weights
in the several variables excepting three, say x, y, and z. The type of such a
form shall be regularly denoted by (w,, w,, w,), representing only the weights
in 2, ¥, and 2, in this sequence, so that, by (2), w, + w, + w, = o, where o has
the same value for all forms considered ; but, in the deduction of formulae, it
will be more convenient to represent two of these three weights by simple letters,
and for this purpose we shall put either w, = a, w,=b and w,=o —a — b,
—or w,=0—b—c, w, = b, and w, = ¢, —accenting a, b, or ¢ when we
have occasion to represent more than one value of either.

17. If x is an a2z~ and yz-differentiant of type (¢ — b —c, ', ¢),— where,
by theorem A of §8,¢ =54 =0 — 2c,—so that :@-xz 0 and g;z-xE 0,
then, by (17) and (18),

az-aytox=ay* 2z-x=0 and g/;-;c\y”-xs@*-ﬁ~x+k-a@"“-c/c\z-xs 0,
so that the differentiant character xy does not interfere with the differenti-
ant characters xz and yz. The derivatives of xz- and yz-differentiants of the
given type (o0 — b — ¢, &', ¢) qua '::3?/ are, then, xyz-differentiants of types
(¢ —b—c, b, c) subordinate to (¢ —d" —c, &', c) qua 2y for which
0=c=b=bd"=0—b—cand b =}(o—c), by theorems 4 and F of §8.

If y,_, is any xyz-differentiant of type (¢ — b —c, b, ¢), — for which, in the
notation of §§10-13, » =%'— b and 0 = = b’ — ¢,— then, by (17) and (18),

w2 Yoy, = gy, + (B = 8) g ey, = 0
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and
b

y2 g Yy, =y ey, =0,

so that g;;c"""w[rb,_b is an az- and yz-differentiant of type (¢ — b’ —¢, b, ¢),
if not identically 0, for which, by (18),
2~ ya Ay, = (B —B)! (6 — 25— )"V Py,

where the multiplier of yr,,_, is a non-vanishing constant if 5 = b’ = o —b—c.

Therefore, if 0 = ¢ =0 = } (o —¢),
]V;,'y,(o-—-b’—c,b',c)=éNm(a—b—c,b,c),
by (28), and
Ny (6= —c,b,¢)=(1—ay) N, (6 —b —c,b,c),
by (35), while,ifOécébéb’é%(a—-c),
N2 (e —b —c,b,¢)=N,,(c —b—c, b,c),

by (30); or, when 0 — b’ — ¢ is replaced by w,_, " by w,, ¢ by w,_, and b by
O —r,ifw, =w, =w,,

Wy—w,

(38) zzyz(wx,wy’w )— E -ZV;-y,(w + r, w —_7r, w)
and
(39) Ny (w5 wy, w,)=(1—w—§)‘M,,y,(w2,wy,'w,),

while, if w, =w, = w, and 0 =r=w —w,,
(40) M,y,(w,,wy,w ) =Ny (0, + 7y 0, — 7, w,).

Also, by § 12, the forms ya—*-y,_, obtained from complete systems of ayz-dif-
ferentiants of all types (o —b —c, b, c) subordinate to the given type
(6 —b'—c, b, ¢c) qua xy constitute a complete system of xz- and yz-differen-
tiants of the latter type if 0 =S ¢ =b'= } (o —¢).

18. If x is an xy- and «z-differentiant of type (a, b’, 0 — @ ~ b’),— where,
by theorem A4 of §8, 0 —2a = b = a,—so that @~x =0 and gz'xs. 0,
then, by (17) and (18),

my gt ox=ytomy x—kog T meex=0  and eyt x=yt-aax=0,
so that the differentiant character yz does not interfere with the differentiant
characters xy and xzz. The derivatives of xy- and xz-differentiants of the
given type (a, b, o —a —b’) qua yz are, then, xyz-differentiants of types
(¢, b, 0 —a —b) subordinate to (a, d', o —a—bd") qua 3’/; for which
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c—a—b=b=b=a=o—band }(oc—a)=b, by theorems 4 and ¥ of
§ 8. If v, ,, is any ayz-differentiant of type (a, b, ¢ — @ — b),—for which, in
the notation of §§10-18,r=056— b and 0 =r = a — b’,—then, by (17) and
1),
wy 2y Ay =2y Y, =0
and
B Ny = Ry — (= Y)W =0,

so that @b—mh_,,, is an xy- and xz-differentiant of type (a, ¥, 6 — a — ¥), if
not identically 0, for which, by (18),

Y Y Ay = (B—V)! (a+ 26— )P, ,,
where the multiplier of v, _,, is a non-vanishing constant if 0 —a — b=8b'=0.

Therefore, if }(c —a)=b'=a=0 -0,

Ny oo(a, b, a'—a—b)—z m(a,b,o'—a—b),
by (28), and
N, . (a,b,0—a—b)=(1—y) N, .(ab,c—a-0),
by (85), while, if }(c —a)=b=b=a=0-—0b,
,g;;’;; (a, 0,6 —a—0b)=N,,(a,b,0 —a—10),

by (30), or when a is replaced by w,, &' by w,, 0 — a — b by w,, and b by &'+ 7,
ifw =w, =Sw,

,— 0,

(41) Nw,z,('w,, w,, w,) = Z Mw(w,, w,+7r,w, —7r)
and .
(42) -N;yz(wx’ Wy wz)=(1_yz)'N;;y,zz(wz9 wy9wz),

while, if w, =w, =w, and 0=r=w, —w,,
(43) Nag/zrzz(wz7 wy’ wz)=‘Myz(wx9wy+r’ wz_r)‘
Also, by § 12, the forms z’;\q”"”"wpb_b, obtained from complete systems of wyz-

differentiants of all types (a, b, o — a — b) subordinate to the given type

(a,by0—a—10) qua 375 constitute a complete system of xy- and wz-differ-
entiants of the latter type if }(c —a) =0 =a =0 - 0.

19. If ¢ is an wy-differentiant of  type (o, ¥, 0 —a'—b), where, by theorem
Aof §8,6'=0a =o — ¥, so that y-¢ = 0, then, by (17),

wy'a:z P = w2 .my-ql:s 0,

that is, the differentiant character xz does not interfere with the differentiant
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character xy. The derivatives of xy-differentiants of given type (a’,d’,0—a’—b")
qui 7z are, then, xy- and xz-differentiants of types (@, d’, o — a — b’ ) for which
c—a—ad =b=a =a=oc—10, by theorems 4 and Fof §8. Ify, . is
any wxy- and :Lz-diﬁerentlant of type (a,b'yo—a —‘b'), —for which, in the
notation of §§10 —18,r=a—a' and 0 =r = 0 — @’ — b’, —then, by § 9,
{y:z} -2 = *X,—o 18 an xy-differentiant of type (a’, b’, ¢ —a’ —b’), if not
identically 0.

Now, by §18,if §(c —a) = b = a = o — b, we may take a complete sys-
tem of wxy- and xz-differentiants ,_, of type (@,b’, 0 — @ — b) in such manner
that any one of them of rank 5—b’ qué 2 can be represented as Koo = W Vo
where y,_,, is an zyz-differentiant of some type (a, b, o — @ — b) subordinate
to (@, b’y o — @ — b’) qua ¥z for which &’ = =a and b = o — a. Then,

zy - Xoow =0, fv\z'xa_a,EO,

ay Yy =0, m""b—b'509 v, , =0,
and, therefore,

a2 -2yt V,_»=0 and W2P 2t gV e VY, py=0ifa—a' —a<B,
so that, by (17) and (18),

- . ’-:z—a' — ! \(a) . Aa—a’—-u Aa
oy 2t x, o= (a—a' )V 2 2Y* Ko

=(a—a')®  Za——a ,@—uﬂ Ay s

T2 gty = (6 — @) gt Ty ey
=(@—a)l(a—a)? (2¢+ b — 0 — a)j*e=¥". vz "b te o
=(a—a)l(a—ad ) (2¢+b —c—a) 9 (b—b + a)@

X (@+b+b—o)o zyb_b’ Vov

o, Qat¥—o=a)! (b= +a)!

_(a—a’)!(a+b+ b—o)!
(a+b+b—cg—a)l Xea»

“(a+d+b8—0)l (0=0")!
and, by (23),
(44) ;\zll—a'. {y; w} .;&;a—a,'x‘z—a’ = Sa—-a'.xa—a”
where, by (15)
(a—ad)! (=0 +1) (a+b+b—0)! ¥ .
o= (b—b)(ata +5 —o)! 2 (=1
a—a\ (2a+4b —o—a)e™D
X a )°(a’-—-b’+a+ 1)@=o+h

(a—a)'(a b+ 1)l (a+b+0 —o)! S—o41, 4
(6=0) (a+a +b —oa)! 2t —g, a'—b/+19

(a—a
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which, by (14) and (16), is a non-vanishing constant if c—a—b=0'=b=d' =a;
so that, at least when these conditions are satisfied, the derivative of the form
{y; «}- 2= - Xo—w qui 2z is a non-vanishing constant multiple of y _ .
Observe that the condition o — @ — 6 =0’ is satisfied if %(o’ @' )=b'=b.

But, if ¢ is an wy-dlﬁerentxant of type ( a by,0—a’ —b) and of rank
a—a’ qui 2, its derivative qui zz, namely w2 - -, is an xy- and xz-differ-
entiant of type (@, d’,c —a —b’) and, say, of rank b — b’ qua yz, so that
'?/Tz""’"’a?z“‘“' -¢ is a non-vanishing wyz-differentiant of type (@, b, —a —1b),
where, by theorems 4 and F of §8, 0 —a—a'=b'=a'=a=0—b,'=b=a,
and ¢ — a — b’ =b; then, by (18), because ;y ¢$=0,

@a—a’ . g;a-i-b—a'—b' b= (_ 1 )a—a’ . ( a+b—a— b’)(a—a’) yz a—a' p%x 0,
by (14), while

—
wya—a'-,-l yza+b—a’ Y, ¢ = 0;

a’—b

therefore, &2““‘"‘ ¢ is a non-vanishing form of type (o', a+bd—a’,0—a—0)
and rank z — o’ qua :?y, so that, by theorem 7" of §8,a+ b —2a =a—a’,
that is, 5 = a’ ; the types of ¢ and its successive derivatives qui xz and qui ”
are, then, so related that c —a — b0 =0 =b=a =a=o —b.

If, then, }(c —a)=b"=d' =a=o0o —b’, the xy- and xz-differentiant
Xo—o Of type (@, ¥, 0 —a — &) subordinate to (@', b, 0 — a'—b") qua a2z and of
rank b — b’ qua ;’t/-% is turned by the operator {y; «} -z2*~ into an xy-differ-
entiant of type (o, ¥, 0 — a’ — b’) satisfying the condition (44) with a non-
vanishing value of the constant S,_, if & =b = a'; the condition (44) is
equivalent to (81) if, in the latter, » is replaced by a — o/, xy by z, V¥, by
Xo—o> and o by {y; x} .z2*; and the conditions & = b = o are satisfied by
every xy-differentiant of type (a’, b, ¢ — o’ — b’) whose derivative qua xz of
type (e, by, o —a —0b') is of rank b — &' gua E/Tz Therefore, by (36), if
}(oc—d)SV=d=0-0,

a’ o—b
55 N (0 tromam )= 0 B r— =)
b=V a=a’
or, by (43),
a’ o-—b
(45) E Z xyz(a’ b,d’—a—b)=]\7xy(a’, b',o-—a'—b'),
b=V a=a’

where, however, the upper limit of b is o — @’ if }o= a’, because otherwise
there could be no summation qua ¢. Evidently, the summations qua » and p
in (86) may be performed in either order if the limits are properly taken, and
here it is more convenient to sum first with respect to » (¢ — a’) and then with
respect to p (b —b').



1907] OF DOUBLE DIFFERENTIANTS 57

If 3(6—a )=S0 =ad =0—0"—1, (45) holds also if @’ is replaced by
a’ + 1, and when we subtract the result of the replacement from (45), member
from member, we find

o—a’—1
ZJV”(a byo—a' —b)— E N, . (a,d +1,0—a—a —1)
(46) b=b v a=a’+ 4

=(1 —'.;:;)J\Cw(a', b'yo—a —b")
if @’ = 3o, but

o—a’

47) Z: N, (ab,0—a —b)=(1—az) N, (a',b,0—a' —b)

if 3o = a'; the special case ' = } (o — 1) requires a’ to be taken as the upper
limit of b before the replacement of ¢’ by ¢’ + 1 and ¢ — o’ — 1 = a afterward,
and the result of the subtraction is (46); in the special case a’' = }o, (46) and
(47) are identical ; the second sum of (46) vanishes if a’ = o or } (o —1).

If 3(c0—a')=b' =a'=0—0, that is, if }o =a’' and b’ =0 — a’, (45)
gives directly
(48) m(a c—a,0)= W(a’,o-—a', 0),

which is consistent with (47) [and with (46) if ' = o’ = 4o ] ,—because
wz- N, (a'yo—a',0)=0, by §5,—and true, because every xy-differentiant
of weight 0 in 2 is an wyz-differentiant, by the foot-note to § 5. So that (46)
holds if }(c—a')=b'=a"=0c— b and o' =}o, while (47) holds if
}(c—a)SbV=ad' =0c—b'and jo =ad'.

If 3(s—ad')=b'<a =0—b"—1, (46) holds for ¢’ =40 and (47) for
30 = o' when b’ is replaced by 5" + 1, the difference of the formula before and
after replacement, in either case, being

49) N, (a',b,0—a —b)=(1—yz)(1—az)-N, (a0 —a'—b),

xyz

which, because yz, xz and yz-az annihilate N, (a',o—a’,0), includes also
(48),— that being the case of (49) for which ¢’ = o —b'.

If}(c—a)=Sb=a =0—10, thatis, if }0 = a’' =}0 and ' = a’, (45)
gives

o—a’

2N, (a,d,0—a—a)=DN,(d,a,0—2a)

a=a’

or, with the replacement of &V, (@, a’, ¢ — a —a') by its expression from (49)
for all values of @ greater than a’ [for which, evidently, (49) holds],

o—a’

(a/va'yo—2a')=N,(a',a',0 —2a")— (1 —yz)- X (1—az)
a=a’+1

zys

N, (a,a'yo—a—a)
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=N, (¢, d,0—-2d)—N_(d+1,d, c—2d'—1)+yz- N, (a'+1, d, 0—2a'—1)
=(1—az+ ;z-ﬁ)'lvzy(a', a’yo—2a")
—(1—g)(1 —m)- N, (" a0 —20), -

because 3/—z-]ny(a', ayo0—2a)=0N_(a',a +1,0—2a" —1)=0, by
theorem A of § 8, — and this result is what (49) becomes for &' = a’.* There-
fore, (49) holds for (6 — @’ ) = b’ = o' = o — b/, that is, for all types of which
there can be xyz-differentiants in accordance with theorem A4 of § 8.

On replacing &V, (a’,b',0 — a’ — b') in (49) by its expression from (37), we
have,if 3 (c —0a') =0 =d' =0 -0/,

N (¢, 8,0 —d —¥)=(1—y2)(1—m)(1 —ay) - N(d, b, 0 — @' —¥);

after the restoration of w_, w,, w, for @', ¥, ¢ — a’ — ¥', respectively, we have,
3 - =
ifw=w =w,

(50) N, (w0, wys w,) = (1 —yz)(1—22)(1 —2y)- N(aw,, w,, ,).

By § 5, zy, xz, and yz are commutative and wy-yz = xz; therefore, (50) may
be written

(51) 'Zv;ys.(wz’wy’wz)=(1 _w_y - .;/;+ Q;)(l _w—z) 'N(wx’ wy’ wz)
=[1_;y_%-l-(m—y-’-%_&—z).—&]‘]\r(wz’wv’ws)'
In particular, if w, = w,,

;l;-N('wz, w,w,)=Nw,w, +1,w,—1)=N(w,+1,w,,w,—1)

= E-N(wz, w, w,),
so that

Jsz‘(wz, w,, w,)= (1 — w2 + &375)(1 —w_y)-N(wx, w,_,w,),

as we have already seen in the special case of (49) for which &’ = o'
20. In combination with (43), (41), and (37), formula (49) gives

(52) {Ngy’h(wz’ wy, w,) = (1 —y2)(1 —_:i—z)@ﬁ'-NW(w,, wys w,)
=(1=3)(1 —m)(1—ay) gz N(w,, v,, w,)

ifw =w, =w and0=r=w, —w,,and

Nzy,zz(wz’ Wy s ws) = (1 —E) 'go (1 —ﬁ)-ﬁ"l\rxy(wz, Wy, w‘)

= (1 _E) ) [My(wz’ wy’ 10:) —:;;‘My(wn Wy w”+ wz_wx)]

*If a’=1}0, the sum in the first expression for Ny: (a’, a/, 0—2a’) vanishes and we have
Ney:(30, 30, 0) = Nyy(40, 30, 0), which is a particular case of (49), — because 2z and yz
annihilate N, (30, 30, 0), by § 5, —and this formula is true, by (48).
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=(1 —E)-N;y(wx, w,, w,) +E~gﬁ‘l\7;y(wx, w,, w, + w,1— w,),
that is, by (37),
Ny, 22 (Wer w5 w, )
=1 —a2) N, (0, w,, w) + N, (0, +1,0,+1,0,+v,—w —2)
=(1—-ay)(1 —wz)- N(w,, w,, w,)
+(1l—wy) Nw,+1,w,+1, 0 +w, —w, —2)

(58)

if w, = w, Sw,. If w, 4w, <w, + 2, the last term of each of the expres-
sions for N, ,,(w,, w,, w,) given by (63) vanishes.

Because the sequence of variables is unessential, (62) gives, if w, = w, = w,
and 0=r=w, —w,

Ny wa(00y 0,y 0,) = (1 —g2) (1 —@2) (1 — ay) N (w0, 0, + 7, 0, —7)
= ‘N;:i?rzy Wyy Wy wz) = _N;é;"i;—wrl’f(wz’ Wy, 'w,),
by (19), from which follows, when 7 is replaced by  + v, —w,,
NEo (0 0,0 0,) = (L= 4) (1 —m)(1 = ay) N(w,, w, + 7,0, = 7)

ifw, =w, =w, and w, —w, =r =w, —w,, but this formula is identical with
(52); therefore, (52) holds if w, =w,, w, = w,,and w, —w, =r=w, —w,,
without regard to the relative values of w, and w_ (of course, r is not negative);
that is, (62) holds for all types of which there can be xy- and xz-differentiants
in accordance with theorem A of § 8 and for all possible ranks of such xy- and
az-differentiants qua 7z, by theorem ¥ of § 8 and by § 18.

Similarly, (63) gives, if w, = w, Sw_,

Nzy,zz(wx’ wz’ wy)
=(1_@)(1_E) ) N(wz’ wy’ wz)+ (1 —QTy-) ' N(w:c+1’ wz+1’ wy+wz_wz_2)
= LV, zz/(wz’ W,y w»)
=1—zz)(1—ay) - N(w,, w,,w,)+(1—zy) - Nw,+1,w,+1,w,+w,—w,—2),

which is identical with (563), so that (63) holds if w, = w, and w, = w,, without
regard to the relative values of w, and w,; that is, (63) holds for all types of
which there can be xy- and xz-differentiants in accordance with theorem A of § 8.

21. If ¢ is a yz-differentiant of type (o — b'— ¢/, ¥, ¢'),— where, by theorem
Aof §8,¢ =¥ =0 —c,—so that yz-¢ = 0; then, by (17),

Z/?z:l:\z"tﬁ E’a?z"-/y\m(ﬁ =0,
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that is, the differentiant character xz does not interfere with the differentiant
character yz; the derivatives of yz-differentiants of given type (¢ — b —¢, ¥, ¢)
qui a2 are, then, xz- and yz-differentia.nts of types (¢ — b — ¢, &', ¢) for which
0=c=c¢=0b=0—c—c, by theorems 4 and F of §8; if y,_, is any wxz-
and yz-differentiant of type (6 — b’ — ¢, &', ¢),—for which, in the notation of
§§10-13, r =c'—c and 0 = r = ¢,—then, by § 9, {z; y} -@”“ﬂxc,_c is a yz-
differentiant of type (o — &' — ¢, b, ¢), if not identically 0.

Now, by § 17,if 0 = ¢ =8 = §(o —¢), we may take a complete system of
xz- and yz-differentiants y,_, of type (6 — b —c¢, ¥, ¢) in such manner that any
one of them of rank & — b qua ocy can be represented as y,_ = yw”"” Voo
where yr,,_, is an wyz-dlﬂz'erentlant of some type (¢ — b — ¢, b, c) subordinate
to(c—b—c,b,c) quawyforwhlchc_ b =0; then,

m'ch—eE 0, yz~xc,_650,

Yy, =0, wz Yy, =0, yz Yy, =0,
and, therefore,

:’c\z-y’;f'“”*“ Wy, =0 and 2P -zt e -;z”'*"*‘ Ay, =0 if —c—a<B,
so that, by (17) and (18),

= (= 1) (€ — o) gy,
= (= 1) (¢'— )@ o= ga¥d+e. o, |
o Xy = (= 1) (¢ — )@ Ty X g X
= (c—c)!l (¢ —c)(“)~(a'—b’—2c—a)@"""“)my“ymb"““-\[rb,_b
=(—c)l(—c)? (60— —2c—a) (b= b+ a)®
X (6 —b—0b—c)® yatq, ,

_(d=e)l(e—b—b—c)! o (6=b0—2c—a)! (b'—b+a)!
= (e—F—o=a)I(F=5)1 (¢— )" (a-—b—b—s:—a)' Koo

and, by (23),
(54) C’—O {‘ y} d_c xc’—c = Sc’—c.xc'—c’
where, by (15),

o (¢c"—e)(d =+ 1) (6 —0—0"—c)! &= ¢ —ec
e = (6 =) (c—b —c—c)! 2 (=1 ( )

a=0

(0 —0" —2¢c—a)t
(b’-c + a 4 1)+
(c —c)l (b =¢ +1)I(a—b—b —c)! . §r—e41
(=0l (c—=0"—c—c")! Y
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which, by (14) and (16), is a non-vanishing constant if c=¢' =6=b"=c—b—c;
so that, at least when these conditions are satisfied, the derivative of the form
{z; y} -2’ x,_, qui zz is a non-vanishing constant multiple of Koo
Observe that the condition ' = o — b — ¢ is satisfied if 6 =" = (o —¢).
But if qb is a yz-dlfferentlant of type (¢ — b —¢’, b, ¢') and of rank

¢ —c qui a2, its derivative qua zz, namely el

¢, is an xz- and yz-differen-
tiant of type (¢ — b —c¢, &, ¢) and, say, of rank & — b qua 2y, so that
2yt 227~ ¢ is a non-vanishing wyz-differentiant of type (6—b—c,b,¢)
for which, by theorems 4 and F of §8, 0 é =SEd=bV=0c—c—c,c=b=D,

and b = ¢ — b’ — c¢; then, by (18), because yz =0,

y/;c’-—c. w’?‘/b,+c/_b_ = V4d—b— c)(e’—c) xyb —b, e’—c d% 0,

by (14), while
:;;c'—c-u . @blﬂ/—b—c = 0;

therefore, ay?+7—*—°. ¢> is a non-vanishing form of type (o-—b—c, o+c—c, ¢')
and rank ¢’ — ¢ quﬁ yz, so that, by theorem #" of § 8, 2¢' — b —c=c — < that
is, ¢ = b: the types of ¢ and its successive derivatives qui 2 and qua ocy are,
then, so related that 0 = c=c =b=b0 =0 —b —c.

If, then, 0 =c=¢ =¥ = }(0 — ), the w2 and yz- differentiant y,,__ of
type (¢ — b — ¢, &', ¢) subordinate to (¢ — &' — ¢, &', ¢’) qua xz and of rank
b — b qua zy is turned by the operator {z; y} -z2”~° into a yz-differentiant of
type (¢ — b — ¢, ¥, ¢') satisfying the condition (54) with a non-vanishing value
of the constant S,_ if ¢ =b =0': the condition (54) is equivalent to (31) if,
in the latter, » is replaced by ¢’ —c, @ by xz, ¥, by x,_,, and o_by
{259} .za”~°; and the conditions ¢’ = b =¥’ are satisfied by every yz-differen-
tiant of type (¢ — b — ¢/, ¥, ¢’) whose derivative qué 2z of type (e—b—cb,c¢)
is of rank 6" — b qui :?y Therefore, by (36),if 0 =¢ =& = }(o — (),

Z}_‘, NP (o—b —c,b,¢)=N, (¢ —b—c,b,¢)

=0 b=¢’

or, by (40),

(55) i:z zyz("'—b—c’baC)=JV;,,(0'—-b’_c', ¥, ¢).

¢=0 b=¢’
1= =0 =1%(c—c), (565) holds also when ¢’ is replaced by ¢’ — 1, and
when we substract the result of the replacement from (55), member from mem-
ber, we find

¢—1

(56)!21‘2“(0 b—c,b, C)—Z Iw(d—c_c’.’_]_’c'__l’c)
L (L) W (o ¥, 0, ),
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If ¢ = 0, (566) is identical with (55), because xz - N, (o —b,b,0)=0and the
second sum in (66) vanishes by the general principles of summation ; therefore,
(56) holds for 0 = ¢ =b' = (o —¢).

If0=d<bd=4%(a—C), (66) holds when &' is replaced by &' — 1, the dif-
ference of the formulee before and after replacement being

BTN, (c—b—d,b,¢)=(1—ay)(1—az)-N, (c—b—c, b, ).
Ho0=c=0=](c—),thatis,if 0 = ¢ = }o and ' = ¢/, (65) gives
2N, (6—c—d,¢,¢e)=N, (c—2¢,¢);
c=0
or, with the replacement of &V, (o — ¢ —¢, ¢, c) by its expression from (57)
for all values of ¢ less than ¢’ [for which, evidently, (57) holds],
J— =1 J—
_Nryz(a —2¢,c,¢)= _N;z(a —2c,¢,¢)— (1 —ay)- mzo (1 —=x2)
XN, (e—c—c,c,e)=N, (6 —2,¢,¢)= N, (6 —2+1,¢,¢—1)
+w_y-JVyz(0'—2c'+1, ¢,d—1)= (I—Ez+'£§~ﬁ)~]\7w(o‘—2c', c,c')
=(1—=y)(1 —;z)iv;,(a —2¢,¢,¢),—

because w—y'N;,z(a —2¢,¢,¢)= N;/z(a —2/+1,¢—1,c¢)=0, by theorem
A of §8, — and this result is what (67) becomes for &’ = ¢’.* Therefore, (57)
holds for 0 = ¢’ = b =} (o — ¢'), that is, for all types of which there can be
xyz-differentiants in accordance with theorem A4 of § 8.

On replacing N (o —b —c, ¥, c') in (57) by its expression from (37), we
have,if 0 = ¢ =V =1(0c —¢),

N, (6—=b—c, b, ¢)=(1—ay)(1—ar)(1—y2) - N(o—b—¢, ¥, ¢);
after the restoration of w_, w, , w, for o — & — ¢, b/, ¢/, respectively, we have,
if w, = w, =w,

(58) ‘]V;yz(wac’ Wy wz) = (1 - @)(1 - 6)(1 —:I_/E)N(wx’ Wy s wz)’
which is identical with (50) and (51). In particular, if w, = w,,
w—y‘N(wJ’wz’ wz) = N(w.t + 1’ w, — 1’ wz)
=N(w,+1,w,w, —1) =§§-N(wx, w,, w,),
so that L o
'Z\rz'yZ(wx’ wz’ wz) = (1 —az+ wywz)(l _yz)N(wz’ wz’ wz)’

as we have already seen in the special case of (57) for which &’ = ¢

*1f ¢/ =0, the sum in the first expression for Nay: (0 —2¢/, ¢/, ¢/ ) vanishes, but the result is
valid, by (55) for b’ =¢/=0.
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22. In combination with (40), (88), and (87), formula (57) gives
N (e wyy w,) = (1 —ay)(1 —22) -2y N, (0,, 0, v,)

= (1 _w_?/)(l _"E)(l_%)w—y"N(wx’ Wy w:)
w,=w, and 0 =r =w, —w,, and

(59)

M <
if w =

’N;z,w(wz’ Wy s w,) = (l _E) Zo (1 - ;—?/) ’w_yr‘lv;z(ww Wy, wz)
= (1 - m_z) ’ ['Ays(wz’ wy’ wﬂ) - w—y.lv;rz(wx + wy —w,, W, wz)]
= (1 - %_%) .'N;/z(wx’ wy’ ws) + @.Q'Mz(wz + wy —W,, W, wz)’
that is, by (37),
‘Zv;z,yz(/wz’ wy’ wz)
(60) = (1_(—’;) 'N;/z(wz’ wy’ wz) +‘N;/z(wx+wy_w¢+ 2’ wl_l’ wz_ 1)

: =(1—Cl-5;)(1 ——y;) ’ N(wz’ wy’ wz)+(1_§'—z) ’ Mwa;+wy_wz+2’ wz_l’ wz_l)
if w,=Sw, =w,. If w,=0, the last term in each of the expressions for
N, ,.(w., w,, w,) vanishes and we have

‘Zv;z'y;(wz’ Wy 0) = Mz(wxs Wy, 0) = N(wzs Wy, 0)9

as it should be, because every form of weight 0 in z is an xz- and yz-differen-
tiant, by the footnote to § 5.

Because the sequence of variables is unessential, (59) gives, if w, = w, = w,
and 0 = » Siw, — w,,

Nfz:yz(wy’ W,y W, ) = (1 - @)(1 - ‘E)(l —yz) 'N(wy +r,w,— 1, w,)

= 'Ng%:zz(wz’ wy’ wz) = Nf‘i/:”;z—""z"'r(wz’ wy’ wz)’

by (19), from which follows, when » is replaced by » + w, —w,,

Nfzy:yz(wz’ Wy wz) = (1 - @)(1 —117—2)(1 —y_z) N(wz +r, w, — 7, wz)
if w, = w, = w, and w, —w, =r =w, —w,; but this formula is identical with
(59); therefore, (59) holds if w,=w,,w,=w, and w,—w, =r=w, —w,
without regard to the relative values of w, and w, (of course 7 is not negative);
that is, (59) holds for ail types of which there can be xz- and yz-differentiants
in accordance with theorem A of § 8 and for all possible ranks of such az- and
yz-differentiants qua w/g;, by theorem F of § 8 and by § 17.

Similarly, (60) gives, if w, = w, = w,,
N1 (105 ey 0,) = (1 = 22) (1 — y2) - N0, w, w,)

+ (1 —y—Z) X 'N(wll+w¢¢_w2+ 2’ wz—13 wz—l)= 'Zv;lz,xz(waw wy’ wz)
= (1 —g2)(1 —22) x N(w,, w,, v,)
+ (1 —@E)-N(wy+ w—w,+2,w,—1,w,—1),
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which is identical with (60); therefore (60) holds if w, = w_and w, éwy, with-
out regard to the relative values of w_and w,, that is, for all types of which
there can be xz- and yz-differentiants in accordance with theorem A of § 8.
Formulae (50) or (58), (63) and (60) express the denumerants of all kinds of
double differentiants whose defining pairs involve only three of the variables.

23. The expression for the denumerant of double differentiants of a given
type whose two defining pairs involve four different variables is found in the
same manner in which that for simple differentiants was found in § 16. We
consider only forms of a given order in the variables, of given degrees in the
coefficients of the several quantics, and of given weights in each of the variables
excepting four, say «, y, z, and s; in representing the type of such a form, we
shall write the weights in these four variables alone, following the sequence of the
variables as just given, thus: (w,, w,, w,, w,), so that, by (2), w,+w,+w,+w,
has the same value for all forms of our system. In determining the expression
for the denumerant N, . (w,, w,, w,, w,), we shall confine our attention to
the zs-differentiants that are of given weights w, and w, in z and s, respectively,
— where, by theorem A4 of § 8, w, = w,, —and, in writing the type of such a
zs-differentiant, shall express the weights in = and y alone, in this sequence, as
(w,, w,). If four weights are written in the type, it is to be understood that
they are the weights in x, y, 2, and s, respectively : but if only two weights are
written, they are the weights in 2 and y, respectively, and the weights in z and
s are constant for all forms whose types are so written. In the latter represen-
tation of the type, we shall replace w_ by @ (or a’)and w, by 0 — a (or o — a’),
where o has the same value for al/ the forms considered

If ¢> isa zs-dlffelentlant of given type (a, ¢ —a), #3-¢ =0 and, by (17),
%8 2y’ ¢ =y 25 ¢ = 0, so that the differentiant character xy does not inter-
fere with the differentiant character zs. The types subordinate to (a, o — a)
qué 7y are types (@', ¢ —a’) for which @ = a’ = o (in the notation of §10,
the zs character is the only condition A and r =« — a). If+,__ isan xy- and
zs-differentiant of type (a’, o — a’) subordinate to (a, o —a) qua ;y, where
a=a =oand }oc = a’, by theorem 4 of § 8, then yx*=*-4,  is a form of

a’—

type (a, ¢ — a) for which 28 gat=t A, =yx -2y, =0,by (17), and

w/z\/a,_a .&?var_a '\l’a'—a = (ar _ a)‘ (2(1, _ o-)(a’—a) ‘\l’a’—a’

by (18), vhat is, yx¥=%-yr,__is a zs-differentiant that satisfies condition (31)
[r=d'—a, o, =y, and S,=(d'—a)! (24 —c )] if0=a=0a =oc and
c—a=a'. Therefore, by (85),if }c =a=o,

N, n(a,0—a)=(1—wy) N,(a,c—a);

that is, on restoring w, for @ and w, for o — a, writing the weights in z and s,
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and expressing the denumerant of zs-differentiants by (37), we have, if v, = w,
and w, = w,,

61) N, (v, w,,w,,w)=(1— xy) (1 —2s) N(w,, w,, w,, w,).

Formula (61) shows that, if ¢ is the most general form of any type of which
there can be xy- and zs-differentiants in accordance with theorem A of § 8, the
linear equations between the multipliers of the terms of ¢ that are implied in the
identities a/c?/ -¢ = 0 and 28-¢ = 0 are linearly independent in this sense that,
when ¢ shall have been determined as the most general form of its type (---)
that satisfies the identity 28 -¢ = 0, so that the number of independent arbitrary
multipliers of its terms is V,,(---), the number of linearly independent linear
equations between these multipliers that are implied in the identity ay-$=0is

It is evident that the method of this section can be employed to determine
the denumerant of forms of a proper type, in accordance with theorem A of § 8,
that have any multiple differentiant character that can be compounded of two
or more simple or multiple characters of which no two have a common variable
in their defining pairs when we know the general formule for the denumerants
of forms having the several component characters. For example, if A and K
represent two simple or multiple differentiant characters such that no variable
in the pairs that define /7 occurs in the pairs that define &, if we know that
Ny(--+)=P-N(---) for every type (---) of which there can be H-differenti-
ants and that NVy(---) = Q- N(--.) for every type (---) of which there can be
K-differentiants, in accordance with theorem A of § 8, where P and ) are cer-
tain type-operators, then, if (-..) is any type of which there can be H- and A-
differentiants, we shall have Ny ,(---)=PQ N(---).

24. If w, = w, = w, = w, we have, by (50) and (51),
N, (w,w,w)=N(w,w,w)—2N(w+1,w,w—1)
+N(w+2,w—1,w—1)+N(w+1,w+1,w—2) — N(w+2, w, w—2).

This is the culminating formula for denumerants of double differentiants. It
gives, if «, y, and z are the only variables, the number of linearly independent
invariants or covariants (according as the order is or is not 0) of any possible
type (w, w, w) that belong to any system of ternary quantics; namely, as we
have stated in § 8, every homogeneous and isobaric xyz-differentiant of equal
weights in « and z and (therefore) y is a complete differentiant in =, y and
z and, therefore, an invariant or covariant if x, y, and z are the only variables ;
and, conversely, every invariant or covariant in , y, and 2 is a homogeneous
isobaric wyz-differentiant of equal weights in x, y, and 2. What Cayley’s
formula does for the invariants and covariants of a binary quantic and Sylves-
Trans. Am. Math. Soc. &

(62)
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ter’s extension of it for the invariants and covariants of any system of binary
quantics, this formula (62) does for the invariants and covariants of any system
of ternary quantics.

25. Just as (30) follows from (26) and (29) so from theorem D) and the
equation preceding (45), together with (52) and (53), follows, if w, = w, = w,
and 0=r=w,,

—~ Wa—1Wy —~
N;er(wxa Wy s wz)= z -szyyf:z(wx"'ra wy,wz—r)
k=0

0, —10.

=(1—az) - I;) (1 —yz) 2t N, (w, + 7, w,, w,—7)

=1—=z) [V, (w47, w,, w,—7)— N, (w,+7, w41, w,+w,—w,—r—1)]
(63) =1V, (0w, +rw,w,—r)— N, (0, +r,0,+1,0,+w, —w,—7r—1).

But the condition (o — a’) =8 for the formula preceding (45) might have

been replaced by ¢ —a — b =¥, as was previously stated, so that the first

expression given above for M;f’(w“ w,, w,) holds also if w, = w, =w, and
= r = w,; excepting that,

ifw,=w, =w, and 0 =7 =w, —w,, the lower limit of £ is w, —w, —r
and the first term of the developed expression is (1 — xz) - NV, (w, + 7, w, — 7, w,),
which, by (87), is the same as (1 — az) - NV, (w, + 7, w,, w, — r), as before, and

if w,=w,,w, =w,,and w, + w, —w, =r = w,, the upper limit of % is
w, — r and the second term of the developed expression vanishes, together with
the second term of (63). Therefore, (63) holds if w, =w,, w, = w,, and
0 =r=w,, that is, for every type of which there can be xy- and xz-differentiants
in accordance with theorem A4 and for every possible rank qua xz of such differ-
entiants.

Formula (63) shows that the number of linearly independent wxy- and axz-
differentiants of any type (w, + », w,, w, — r) subordinate to (w,, w,, w,)
qua zz that must be annexed to those derivable qua az from wy-differentiants of
type (w,, w,, w,) in order to produce a complete system is

. ; =
Ny (W, +ryw,+ 1, w, 4w, —w,—r—1) if w,=w, and w, = w,.

If w, + w, — w, = r = w,, every xy- and xz-differentiant of type (w,+r, w,, w,—7)
is derivable qui xz from the wy-differentiants of type (w., w,, w, ), provided
w, = w, and w, = w,. In particular, we find (on putting » =1 and replacing
w, by w, — 1) that the number of linearly independent xy- and xz-differentiants
that must be annexed to those derivable qua xz from the xy-differentiants of
type (w, — 1, w,, w, + 1), where w, = w, — 1 and w, = w, — 1, in order to
produce a complete system of xy- and wz-differentiants of type (w,, w,, w,) is
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N,y o (w,s w,, w,+w, —w,), which is evidently &, . (w,, w,, v, +w, —w,),
because, by theorems B and C of § 8, every xy- and axz-differentiant of equal
weights in = and y is also a yx- and yz-differentiant and, therefore, an xyz-
differentiant ; but no such differentiants have to be annexed if w, + w, < w,.

Tt is evident that the result of applying 2 to any xy-differentiant of type
(w,—1, w,, w,+ 1), where w, =w,— 1, is an axy-differentiant of type
(w,, w,, w,), if not identically 0, and the number of wxy-differentiants in a
complete system of type (w, — 1, w,, w, + 1) reduced qua az that are annihi-
lated by w2 is Ny wo(w, — 1, w,, w, + 1), so that the number of linearly inde-
pendent xy-differentiants of type (w,, w,, w,) that can be obtained by applying
the operator 2z to xy-differentiants of type (w, — 1, w,, w, + 1) is

[JV,y(wt—l, wy,w, +1) =N, (0w, —1,w,w, +1)

= My(wz’ u’y’ wz) - N-xy(u’x, Wy ’wy + w, — wr),

(64)

by (58), if w, = w, — 1 and w, = w, — 2; that is, the number of linearly inde-
pendent wy-differentiants of type (w,, w,, w,) that must be annexed to
those obtained by applying the operator 2z to xy-differentiants of type
(w,— 1, w,, w, + 1) in order to produce a complete system of wy-differentiants
of type (w,, w,,w,) is N, (w,,w,, w, +w, —w,); but this number is 0 if
w, + w, {w,, and then no such differentiants have to be annexed in order to
complete the system. If w, —1 =w,, there are no xz-differentiants of type
(w,—1,w,, w, + 1), and the forms obtained by applying z2 to a complete
system of wxy-differentiants of that type are linearly independent xy-differen-
tiants of type (w,, w,, w,), which, however, do not generally constitute a
complete system.

Similarly, from the equation preceding (55), together with (569) and (60),

: < < < <<
follows, if w, =w,, w,=w,and 0 =r=w,,

W, —w,

Nﬁ"(wx’ w, w, )= Z Nfi’\f‘y,(wz +r,w,w, —r)
k=0

= (1 —az) ;j(l _w_y)@k]v'yz(wz + 7w, w — 1)

=1—az)- [N, .(w, 47,0, w,—r) =N, (w,+w,—w,+r+1,w,—1, w,—r)]
(65) = -ZV;:z, yz(wx"'r’ wy’ w,— r)_-zv;cz, yz(wx'l" wy_ u)z+ r+ 1 L} wz_l ’ ’LUZ—T);

so that the number of linearly independent xz- and yz-differentiants of type
(w, + r, w,, w, — r) that must be annexed to those derivable qua xz from yz-
differentiants of type (w,, w,, w,) in order to produce a complete system is
N, ,.(0o,+w,—w,+7r+1, w,—1, w,—r). In particular, we find (on
putting » =1 and replacing w, by w, + 1) that the number of linearly inde-
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pendent az- and yz-differentiants of type (w,, w,, w,) that must be annexed to
those derivable qua xz from yzdifferentiants of type (w,—1, w,, w,+ 1),
where w, + 1 = w, and w, + 1 = w,, in order to produce a complete system of
xz- and yz-differentiants of type (w,, w,, w,) is NV,, ,.(w,+ w, —w,, w,,w,),
which is also &, (w, + v, — w,, w,, w,).

From (60) follows, if w, + 2 =w,and v, + 1 = w,,

66 N;/z(wx—l’wy9wz+1)_Ntz,yz(wz_19wy,wz+1)
( ) =]V“(wx, wy’wz)-—‘N;lz(wl-'-wy_wz’wz’wz)’

which shows that the number of linearly independent yz-differentiants of type
(w,, w,, w,) that must be annexed to those obtained by applying the operator
xz to yz-differentiants of type (w,—1,w,, w, + 1) in order to produce a com-
plete system of yz-differentiants of type (w,, w,, w,)is N, (w, + w, — w,, w,, w, ).
If w,=w, + 1, there are no xz-differentiants of type (w,—1, w,, w, + 1)
and the forms obtained by applying xz to a complete system of yz-differentiants
of that type are linearly independent yz-differentiants of type (w,, w,,w,),
which, however, do not generally constitute a complete system.

26. Because we have always excluded denumerants of such types that their
values as given by our formule might come out negative, these formule may
serve to determine the relative values of some denumerants involved in the
expressions of others, just as (83T) determined the relative numbers of terms in
the general forms of certain types.

It follows from (45) that, if w, = w, = w,,

N, (v, ow,+1,w,—1) =N, (w,, w,w,);
that is, of two types of which there can be wyz-differentiants in accordance with
theorem A of § 8 and of which the one is subordinate to the other qua yz, that
one has the more linearly independent xy-differentiants for which the weights

in y and 2 are the more nearly equal, unless they have the same number.
It follows from (65) that, if w, = w, = w,,

N (w,+1,w,—1,w,) =N, (w,, w, w,);
or, because the sequence of variables is immaterial, if w, = w, = w,,
Ny(w,—1,w,,w,+1)= N, (w,, w,w,);
that is, of two types of which there can be zxy-differentiants in accordance with
theorem A and of which the one is subordinate to the other qua zz (or 502), that
one has the more linearly independent xy-differentiants for which the weights

in 2 and 2 are the more nearly equal, unless they have the same number.
It follows from (61) and (37) that, if w, = w_and w, = w_,

N,y (W w5 w,, w,)=(1 —z_s)~_Nw(wJ,, w,, W, W,)
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and, therefore,

=
N, (o, ,w,w +1,w —-1)=N_(w,w,w,w,).
. . - -
Similarly, if w, = w, and w, = w,,
= .
N;y(wl,, w,, W, -1, w,+1)=N, (v, W, W, W, )5

that is, of two types of which there can be xy-differentiants in accordance with
theorem A and of which the one is subordinate to the other relatively to some
pair of other variables than x and y, that one has the more linearly independent
xy-differentiants for which the weights in the two other variables are the more
nearly equal, unless they have the same number.

1t follows from (89) that, if w, = w, = w,,

‘Z\rxz,yz(wx + 1’ wy - 1’ wz) é Mz,yz(w:t, wy’ wz)
and, if w, = w, = w,,
'Mz,g/z(wx - 1’ wy + 19 wz) = N;:z,'yz(wx, wy‘ wz);

that is, of two types of which there can be xz- and yz-differentiants and of which
the one is subordinate to the other qui xy, that one has the more linearly inde-
pendent xz- and yz-differentiants for which the weights in = and y are the more
nearly equal, unless they have the same number.

It follows from (42) that if w, =w , = w,,

<
M’y,xa(wx9 wy + 1’ w, — 1) = 'N-zy.zz(wx’ wy? wz)
3 <
and, if w, = w, = w,,
s .
'My,xz(wz’ wy - 11 w, + 1) = -ny,xz(w:r’ wy’ wz),

that is, of two types of which there can be xy- and xz-differentiants and of which
the one is subordinate to the other qua }y\z, that one has the more linearly inde-
pendent xy- and xz-differentiants for which the weights in y and z are the more
nearly equal, unless they have the same number.

For the actual numerical calculation of the denumerants considered in this
paper nothing is wanting but a formula for the number of terms in the general
Jorm of any given type, that is, a formula for the denumerant N (w_,w, ,w,, )
for any type (w,, w,, w,,---).

In conclusion, I wish to call attention to the fact that the real basis of this
whole investigation is SYLVESTER’'s method, described in his Proof of the
hitherto undemonstrated Fundamental Theorem of Invariants in the Philo-
sophical Magazine for March, 1878, by which we pass from (29) through
(26) to (30).

To facilitate reference I append here a brief table of contents.
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